The aim of the present paper is the development of an efficient numerical algorithm for the solution of magnetohydrodynamics flow problems for regular and irregular geometries subject to Dirichlet, Neumann and Robin boundary conditions. Toward this, the meshless point collocation method (MPCM) is used for MHD flow problems in channels with fully insulating or partially insulating and partially conducting walls, having rectangular, circular, elliptical or even arbitrary cross sections. MPC is a truly meshless and computationally efficient method. The maximum principle for the discrete harmonic operator in the meshfree point collocation method has been proven very recently, and the convergence proof for the numerical solution of the Poisson problem with Dirichlet boundary conditions have been attained also. Additionally, in the present work convergence is attained for Neumann and Robin boundary conditions, accordingly. The shape functions are constructed using the Moving Least Squares (MLS) approximation. The refinement procedure with meshless methods is obtained with an easily handled and fully automated manner. We present results for Hartmann number up to 10 5 . The numerical evidences of the proposed meshless method demonstrate the accuracy of the solutions after comparing with the exact solution and the conventional FEM and BEM, for the Dirichlet, Neumann and Robin boundary conditions of interior problems with simple or complex boundaries.
Introduction
Poisson, Helmholtz, and diffusion-convection equations are fundamental modeling components of the behavior of several physical phenomena and industrial processes. In order to solve these physical problems, governed by partial differential equations, researchers and scientists have proposed various approximations. One generally accepted route for obtaining numerical solutions to these partial differential equations is the application of the finite element method (FEM). Although FEM has a key advantage over other numerical methods in that it can handle arbitrary problem geometries, it usually requires a body-fitted mesh. FEM users usually have to write their own mesh generation programs, a process far more difficult and time-consuming than the solvers of the FEM programs [1] , due to the shortage of a universally accepted mesh generation program that is efficient, freely available, and capable of generating 2D, 3D, and 4D (time-varying) meshes. In order to avoid body-fitted mesh generation, a meshless method such as the meshless point collocation method (MPCM) may be used alternatively. Meshless methods provide a viable alternative to grid-based flow computation since they do not require conventional grid structures, alleviating many issues related to grid generation. Instead of relying on stencils, elements, or control volumes, meshless methods make use of point clouds to discretize the mathematical equations governing incompressible flow. The meshless numerical method has become an attractive alternative to the finite element (FEM) and the boundary element method (BEM) due to its inherent advantage of avoiding meshing and remeshing, the efficient treatment of complicated load conditions and, thus, avoiding mesh distortion in large deformation problems. Furthermore, the refinement procedure with meshless methods is obtained with an easily handled and fully automated manner.
The meshless method is usually divided into two main categories: the boundary-type meshless method, and the domaintype meshless method. Herein, the latter procedure is adopted. Recent works have indicated that highly accurate results may be obtained with meshless methods, as compared to grid-based methods [1, 2] . Over the last years, several meshless methods have been proposed, as the Smoothed Particle Hydrodynamics (SPH) [3] , the Diffuse Element Method (DEM) [4] , the Element Free Galerkin method (EFG) [5] , the Reproducing Kernel Particle Method (RKPM) [6, 7] , the Partition of Unity Finite Element method (PUFEM) [8] , the h-p Clouds [9] , the Moving Least-Square Reproducing Kernel method (MLSRK) [10] , the meshless Local Boundary Integral Equation method (LBIE) [11] , the Meshless Local Petrov-Galerkin method (MLPG) [12] , meshless point collocation methods using reproducing kernel approximations [13] , the Merhod of Fundamental Solutions (MFS) [14] , the Method of Particular Solutions (MPS) [15] and more. In the present work we imply the MPC method for the solution of equations that describe the MHD flow. The construction of approximation functions can be performed entirely in terms of point locations using the Moving Least Squares (MLS) method. The discretization of the domain of interest is accomplished using a set of scattered points, and the shape functions are established at the global level without the requirement of any mesh.
Incompressible magnetohydrodynamics (MHD) describes the flow of a viscous, incompressible and electrically conducting fluid. The governing partial differential equations are obtained by coupling the incompressible Navier-Stokes equations with Maxwell's equations. The aforementioned equations arise in several engineering applications, such as, for example, liquid metals in magnetic pumps or aluminum electrolysis. The magnetohydrodynamic flow problems through ducts are frequently encountered in nuclear reactors and magnetohydrodynamic generators, as well as in pumps and accelerators. Also, direct links of magnetohydrodynamic with medicine comprise blood flow measurements and magnetic occlusion of arterial aneurysms [16] [17] [18] [19] [20] .
Due to the coupling of the equations of fluid mechanics and electrodynamics, exact solutions are available solely for some simple geometries under very simple boundary conditions [19] . Therefore, several numerical techniques, such as the finite difference method (FDM) [20] , the finite element method (FEM) [21] [22] [23] , the boundary element method (BEM) [18] , and the fundamental solution method [19] have been used to obtain approximate solutions for MHD flow problems. In most cases, results were obtained for small (<100) and moderate (>100 and <1000) Hartmann numbers, while in [22] results were obtained for Hartmann numbers up to 10 5 . Nevertheless, various types of difficulties are referred in regard to very fine meshes
for large values of Hartmann number, which is computationally very expensive, memory and time-consuming. In recent years, research on meshless (meshfree) methods has made significant progress in science and engineering, particularly in the area of computational mechanics. In the present paper, our aim is to establish the MPCM solution of MHD duct flow equations for large values of Hartman number in the original coupled form, which are of the convection-diffusion type. The present work transforms the MHD differential equations into the discretized matrix-vector form Lu ¼ f , where the matrix operator L contains the derivative operators appearing in the MHD flow equations, and solves the resulting sparse discretized equations directly. The meshless point collocation method is used for MHD flow problem in channels with insulating walls or partial insulating and partial conducting walls, having rectangular, circular, elliptical or arbitrary cross sections. Despite the numerical efficiency and the implementation benefits of the meshless point collocation method, the maximum principle for the discrete harmonic operator [24] , and the convergence proof for the numerical solution of the Poisson problem with Dirichlet boundary conditions have been attained for this method just recently. Additionally, in the . present work convergence is attained for Neumann and Robin boundary conditions, accordingly, using suitable node distributions [24] . To this end, a smart local refinement procedure for additional nodes insertion at each site, in relation to an error indicator is used here for the improvement of the numerical accuracy with respect to these convergence conditions. Four cases with varying magnetic field and boundary conditions on the walls for a rectangular duct are considered in the present work. Results for regular geometries and large values of Hartmann number (up to 10 5 Þ, as well as for irregular geometries, are presented.
Problem formulation
A steady, laminar, fully developed flow of a viscous, incompressible and electrically conducting fluid in a straight thinwalled duct is assumed. The fluid is subject to a constant and uniformly applied magnetic field, imposed in the x-direction with a constant axial pressure gradient, Àj. The equations governing the steady flow are [23] :
where v is the velocity, p is the pressure, v is the kinetic viscosity, q is the density, j is the current, B is the magnetic induction, H is the magnetic field, F is the electric potential, r is the conductivity of the fluid, and l is the permeability.
For the case where (i) v ¼ ð0; 0; uÞ; B ¼ lH 0 ; 0; B ð Þ , (ii) there is no variation in the z-direction except for the pressure gradient Àj, and (iii) the duct cross-section has a typical dimension a, the equations may be written in non-dimensional form as:
ð2:6Þ
The non-dimensionalization of Eqs. (2.5) and (2.6) was performed with the aid of suitable non-dimensional variables [23] . The Hartmann number M appearing in (2.5) and (2.6) is given by M ¼ aB 0 ffiffiffiffiffiffiffiffiffiffiffiffi r=qv p , where B 0 is the intensity of the applied magnetic field. The velocity on the walls, @X, satisfies the no-slip boundary condition u ¼ 0, while B ¼ 0 on @X ensures that the walls of the duct are insulating. 
Table 1
The flow field and the magnetic field at M ¼ 100. Table 2 The flow field and the magnetic field at M ¼ 500. For the case where a constant and uniform oblique magnetic field is applied, the coupled system of equations in the velocity and magnetic field can be put in the following non-dimensional form [19] 
ð2:8Þ
Hartmann number M is the norm of the vector M ¼ ðM x ; M y Þ. The fluid is driven down the duct by means of a constant pressure gradient. The applied magnetic field of intensity B 0 acts in a direction lying in the xy-plane but forming an angle / with y-axis. The components of the vector M take the form
ð2:9Þ
In general, the boundary conditions can be expressed as u ¼ u p on @X ðDirichlet ðessentialÞ boundary conditionsÞ;
B ¼ B p on C u ðDirichlet boundary conditionsÞ; 
@B @n
¼ t on C t ðNeumann ðnaturalÞ boundary conditionsÞ;
where @X ¼ C u [ C t is the boundary of X with C u \ C t ¼ ;. C u and C t are the insulating and conducting parts of the boundary @X, respectively. n is the vector of unit outward normal at a point on the natural boundary.
In total, we consider four cases: a rectangular duct with insulating walls (Case 1); a rectangular duct with insulating walls, under the influence of an oblique magnetic field (Case 2); a rectangular duct with partly insulating, partly conducting walls (Case 3); and a rectangular duct with partly insulating, partly conducting walls, under the influence of an oblique magnetic field (Case 4). All these cases are presented in Fig. 1 .
Numerical method

Moving least squares approximation
Let uðxÞ be the unknown function of the field variable defined in the domain X. The function u h ðxÞ is the approximation of function uðxÞ at point x. The field function is defined using the Moving Least Squares (MLS) approximation as The coefficients a are calculated by the minimization of the quadratic functional JðxÞ given by
where W x À x i ð Þis a weight function. 
We have to note that m is the number of the monomial terms of the polynomial basis pðxÞ, and n is the number of nodes in the support domain, which are used for constructing the shape function. Moreover, the requirement n ) m must be fulfilled for the moment matrix A to be invertible [25] . In order to obtain the spatial derivatives of the approximation function u h ðxÞ, it is necessary to obtain the derivatives of the MLS shape functions U i ðxÞ, The derivative of the shape function is given as 
where x ¼ x; y; z and A
À1
;xx 
Weight function
The weight function is non-zero over a small neighborhood of x i , called the support domain of node i. The choice of the weight function W x À x i ð Þaffects the resulting approximation u h x i ð Þ significantly. In the present paper a Gaussian weight function is used [25, 26] , Fig. 2 , yet the support domain does not have a standard point density value. Instead, a constant number of nodes are used for the approximation of the field function (Fig. 3) . 
System equation discretization
The Meshless Point Collocation method is a MFree ''strong-form" description method. In these methods the ''strong-form" description of the governing equations and the boundary conditions are used and they are discretized by collocation tech- niques. The MFree strong-form methods possess the following attractive advantages. They are truly meshless and the implementing procedure is straightforward, while the algorithms and the implementation can be kept simple, particularly when handling problems with Dirichlet boundary conditions only. Under these conditions, these methods are highly computationally efficient, even with polynomial approximation functions, and the solution can be systematically obtained with increased accuracy, compared to FEM, FDM, or other CFD methods. In general, MFree strong-form methods may still suffer from some local stability and accuracy issues, depending on the problem [25] . However, these local restrictions are now systematically avoided with the utilization of Type-I nodal distribution and proper local point cloud refinement procedures, in accordance with [24, 26] , even for natural or mixed type boundary conditions.
Collocation method using MLS may be considered as a special case of the ''weak-form" methods [27] . Moreover, this collocation method may be considered as a ''weak-solution", with a Dirac delta function as the test (weight) function [28, 29] . The weighted residual method provides a flexible mathematical framework for the construction of a variety of numerical solution schemes for the differential equations arising in the field of both science and engineering. Its application, in conjunction with the Moving Least Square (MLS) approximation method, yields powerful solution algorithms for the governing equations. Considering our problem (Case 1) governed by the differential equations
ð3:5Þ
The boundary conditions in the first case can be expressed as u ¼ u p on @X; B ¼ B p on C u and @B @n ¼ t on C t , studied over the domain X, which is a sufficiently smoothed, closed, and surrounded by a continuous boundary @X ¼ C u [ C t . In Eqs. (3.4) and (3.5), uðx; yÞ and Bðx; yÞ are the dependent variables of the problem (functions of independent spatial variables), u p and B p are the prescribed value of the unknown functions over the boundary @X and C u , while f 1 ; f 2 and t are the forces and the source or sink terms acting over the domain X and the boundary C t , respectively. In the absence of an exact analytical solution for Eqs.
(3.4) and (3.5), one may seek to represent the field variables uðx; yÞ and Bðx; yÞ approximately as
ð3:6Þ u i and B i are two sets of coefficients (constants), which are the nodal unknowns, whereas U i represent a set of geometrical functions, usually called shape functions. Accuracy and convergence of the defined approximation will depend on the selected basis functions and (as a rule of thumb) these functions should be chosen in a way that the approximation gradually becomes more accurate as m increases. Substitution of Eq. (3.6) into Eqs. (3.4) and (3.5) gives
where R 1;X and R 2;X are the residuals that appear through the insertion of an approximation instead of an exact solution for the unknown functions uðx; yÞ and Bðx; yÞ.
The residuals R 1;X and R 2;X are a function of position inside X. The weighted residual method is based on the minimization of the residuals over the entire domain. For this minimization procedure to be achieved the residuals are weighted by an appropriate number of position-dependent functions and a summation is carried out. The latter is written
. . . ; n; ð3:9Þ Z X W i R 2;X dX ¼ 0; i ¼ 1; 2; 3; . . . ; n;
ð3:10Þ 
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where W i are the independent weight functions and dX is an appropriate integration interval. Applying the weighted residual method to the above equations one gets 
ð3:14Þ The boundary conditions in the first case can be expressed as
leading to a linear system of the form Lu ¼ f , where the matrix operator L contains the derivative operators appearing in the MHD flow equations.
Results and discussion
Rectangular duct
Numerical experiments have been performed for a viscous, incompressible and electrically conducting fluid, flowing in the z-direction along a duct which has either a rectangular, a circular, an elliptical, or an arbitrary cross-section in the xyplane. Through its passage it is subjected to a constant and uniform magnetic field B 0 aligned onto the xy-plane. Thus, the problem is a two-dimensional MHD flow problem and the z-components of the velocity and induced magnetic field are uðx; yÞ and Bðx; yÞ, respectively. First, the MHD duct problem is solved in a duct with a square cross-section. The domain and the boundary of the square region jxj 6 1; jyj 6 1 ð Þ are discretized using node distribution of Type I [22, 24] 
and the corresponding algebraic approximation operator using Moving Least Squares function U i ðxÞ (shape function) formulation can be written:
for any point of the domain X.
In Tables 1 and 2 the approximate solution of the meshless point collocation method is compared with the exact solution [30] and the numerical solution obtained with the finite element method [22] using the residual-free bubble functions, for Hartmann numbers 100 and 500, respectively, at several grid points.
In Figs. 4-6 we present velocity and magnetic field contours for M ¼ 100; 500; or 1000, for / ¼ p 2 in a rectangular duct without local refinement. Results are in accordance with the corresponding in [18, 19, 22] .
Case 2: Duct with insulating walls, under the influence of an oblique magnetic field In this case the MHD flow problem is subjected to an externally oblique magnetic field having a positive angle / with the y-axis and is described from Eqs. (2.7) and (2.8). Duct has a square cross section jxj 6 1; jyj 6 1 ð Þ with the typical boundary 
and, thus, in Moving Least Squares functions U i ðxÞ (shape function) formulation
In Figs. 7-12 we present velocity and magnetic field contours for M ¼ 100; 500; or 1000 and / ¼ p
in a rectangular duct without local refinement. The results are in a good agreement with those obtained in [18, 19] .
Case 3: Duct with partly insulating, partly conducting walls We solve the MHD equations subjected to an external magnetic field B 0 in the direction of x-axis in a rectangular duct with a cross section jxj 6 1; jyj 6 1 ð Þ . Moreover, the rectangular duct has a conducting portion on x ¼ 0 line for a length L symmetrically about origin. Since the applied magnetic field is in the x-direction, the problem is described from Eqs. (2.5) and (2.6). On the conducting portion @B @n ¼ 0 is taken. In Figs. 13 and 14 we present velocity and magnetic field contours for M ¼ 1000; / ¼ p 2 ; L ¼ 0:2; 0:5; or 0:7 in a rectangular duct without local refinement. Results are in good accordance with the corresponding ones in [18, 19] .
Case 4: Duct with partly insulating, partly conducting walls, under the influence of an oblique magnetic field
In this case the MHD flow problem is subjected to an externally oblique magnetic field having a positive angle u with the y-axis and is described from Eqs. (2.7) and (2.8). Once again, the duct has a rectangular cross section jxj 6 1; jyj 6 1 ð Þ with the boundary conditions u ¼ B ¼ 0 applied on the walls. Moreover, the rectangular duct has a conducting portion on x = 0 line for a length L symmetrically about origin. The problem is described from Eqs. (2.7) , and L ¼ 0:2; 0:5; or 0:7 in a rectangular duct without local refinement.
Large values of Hartmann number and irregular duct
The MHD duct problem Eqs. Fig. 21(a) ) were used for Hartmann number M ¼ 10 5 and
, for a pipe with a rectangular cross-section (Fig. 22) . Indeed, an automated procedure for node refinement is proposed, based on a strong-form error mapping approach. More specifically, nodes on which the error of the calculated field property is above a user-defined threshold are extracted and surrounded by additional nodes, which are added with a predefined formulation; overall ( Fig. 21(b) ), an approach which ultimately converges to the solution of the governing equations with a desired accuracy. The refining method reduces the computational cost and time considerably, while leading to increasingly accurate and significantly stable results. The procedure is fully automated and robust. [18, 19, 22] . The aforementioned geometries are irregular and, the nodal distribution inevitably can not be regular. Thus, following a procedure developed in [26] , the regular nodal distribution of Type-I is embedded at the prescribed geometry, ensuring the convergence and the stability of the discrete harmonic operator. Defining the methodology for the construction of a regular grid of Type-I we address the following steps. Initially, the spatial dimensions of the geometry are defined. Following, a regular grid containing the geometry is obtained. Finally, the grid is conformed into the boundaries of the geometry (Fig. 23 ). Attention should be taken, such that no degenerated nodes on the boundary exist.
For the circular cross section duct, Table 3 gives a comparison between exact [31] , FEM [22] , BEM [23] and our MPCM results in a circular region with center at the origin, unit radius, and M ¼ 5. One can see that the MPCM results using 622 nodes are more accurate than the relative FEM ones by using 54 elements and 37 nodes. In Figs , when the duct cross section is arbitrary. As the previous results suggest, the MPCM scheme applied here is accurate, stable and efficient, since the results are fairly close to the analytical solutions, whereas an increase of the number of nodes at specific parts of the domain (adaptation procedures) yield more accurate results, with the CPU run-time (of the code execution) remaining relatively low (Table 4) .
In view of the run time of the meshless methods considered, the shape functions are not pre-defined and they must be constructed once, before the numerical solution of the resulting algebraic system. Thus, in our in-house code, the numerical procedure is primarily decomposed into two parts. Initially, the construction of the shape functions takes place, and then the solution of the resulting linear system is addressed. At the following table, Table 4 , the CPU time (in seconds) for the prescribed number of nodes is shown. The hardware characteristics used for this benchmarking are trivial, such as a CPU Pentium IV, 2.4 Hz with 2 GB RAM. It should be pointed out that the shape functions are only updated locally for the new nodes inserted and the surrounding nodes affected by the local support domains, thus minimizing the run-time of the shape function creation step significantly.
Conclusions
In the present study, a stable meshless point collocation method (MPCM) is developed for the solution of MHD duct problem equations with either fully insulating walls, or partially insulating and partially conducting walls. The MPCM have several key advantages over traditionally FEM, FDM, or BEM methods, such as the following; it requires neither domain nor surface mesh discretization, thus avoiding various topological, connectivity and dimensional difficulties of the meshing procedures; it does not involve numerical integration, while it retains a relative ease of implementation; the formulation is similar for 2D and 3D problems, and for time-dependent problems (time-varying point distributions), as well; and finally it is cost-effective due to the man-power reduction involved for the meshing steps. The main problem of these MFree techniques are some global or local stability issues at boundaries sites or internal points of increased complexity. In the present formulation, a stable MLS meshless point collocation method is used to discretize the system-governing equations. The turning point in using consistent MLS-MPCM methods which avoid the stability issues systematically is the mathematical validation of the convergence and the accuracy of their implementation on flow and diffusion problems [32] . These recently validated techniques are used here to obtain stable solutions of MHD problems. Local point refinement scheme adopted in this work uses an error indication based on the local error residuals. The adaptive procedures for additional nodes insertion around nodes of low accuracy are applied in a consistent manner. Numerical examples are given, which demonstrate the fact that the proposed adaptive meshfree method can obtain efficient and stable solutions of desired accuracy at any configuration studied. The coupled MHD equations are convection-dominated for large values of Hartmann number. Thus, the solution is obtained for values of Hartmann number up to 10 5 using refined nodal distribution as M increases. This significantly high value of M has not been attained with previous BEM or FDM solutions. Furthermore, the numerical results presented here are obtained using second order polynomials as approximations basis, in contrast with the sophisticated bubble-functions used at the Finite Element method procedure. All the well-known characteristics of the MHD flow in ducts of arbitrary cross-sections at practically any Hartmann number can be systematically recovered with the MLS Meshless Point Collocation Method reported here.
